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Depth filters are often used in biotechnology processes to remove cell debris from cell
culture solutions. A model of filter plugging was developed to allow predictions of
required filter area from limited amounts of initial data. The filter microstructure was
idealized as an assembly of randomly oriented, straight, cylindrical fibers. It was assumed
that filters plug as solids coat the surfaces of fibers, making them thicker and reducing
filter porosity and permeability. The Carman–Kozeny equation was used to allow calcu-
lation of filter permeability as a function of filter fiber radius, filter solid fraction, and
volume filtered. An explicit equation for filtrate volume as a function of time during
constant pressure operation was derived, and an explicit equation for pressure as a
function of time during constant flow rate operation was derived. A second model that
accounted for the combined effects of fiber coating and surface caking was also derived.
The models were tested on data from a replica cell culture fluid filtered through a glass
fiber based depth filter and data from E. coli lysate filtered through glass fiber and
diatomaceous earth based depth filters. The fiber coating model provided good fits of the
volume vs. time data and good predictions of filter capacity from limited initial data. The
combined cake-fiber coating model provided improved performance over the fiber coating
model. The models are useful tools for sizing of depth filters for fermentation and cell
culture applications and may be useful for other liquid and gas filter applications. © 2005
American Institute of Chemical Engineers AIChE J, 51: 2978–2987, 2005
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Introduction

A wide range of processes utilize filters to remove particles
from aqueous solutions. Depth filters are often used in biotech-
nology processes to remove cell debris and other particulates.
The filter area required by these applications can either be
determined by filter permeability or filter capacity. Filter ca-
pacity is an indication of how much volume can be filtered
before plugging occurs. Capacity during constant pressure op-
eration is defined as the amount of fluid per filter area that can
be processed until the flow rate declines to a set fraction of the
initial flow. Capacity under fixed flow rate conditions is deter-

mined when the pressure increases to some set multiple of the
initial value. Fouling of a filter can occur by deposition of
particles inside or on top of the filter.1,2 There are four mech-
anistic models that are typically used to describe fouling.
Complete blocking assumes that particles seal off pore en-
trances and prevent flow. Intermediate blocking is similar to
complete blocking but assumes that a portion of the particles
seal off pores and the rest accumulate on top of other deposited
particles. Cake filtration occurs when particles accumulate on
the surface of a filter in a permeable cake of increasing thick-
ness that adds resistance to flow. Standard blocking assumes
that particles accumulate inside filters on the walls of straight
cylindrical pores. As particles are deposited, the pores become
constricted and the permeability of the filter is reduced. This
model was developed by Hermans and Bredee3 and has typi-
cally been applied to the fouling of microporous filters.4
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The physical assumptions in the classical blocking models
are not representative of most depth filters and are therefore not
widely used. The straight cylindrical pore microstructure as-
sumed in the classical models does not represent the fibrous
structure of most depth filters. Cake can form above depth
filters but the pore blockage and pore constriction models do
not accurately describe the mechanisms of depth filter fouling.
Depth filters are typically fouled by various mechanisms of
deposition of particles on the internal surfaces of the media.5

In this work an alternative model that treats filters as random
fiber matrices was developed. The model predicts a decrease in
filter permeability as solids from the process stream deposit on
the filter fibers. This deposition increases the effective radius of
the fibers and decreases the filter void fraction. A combined
model that accounts for cake formation and fiber coating oc-
curring simultaneously was also developed. The models pro-
vided good fits of volume vs. time data during filtration and
made accurate predictions of filter capacities from limited
initial data.

Theory
Fiber coating model

A model of internal filter plugging that treats filters as
assemblies of straight cylindrical fibers was developed. It as-
sumes that filters plug as solids coat the surfaces of fibers,
making them thicker and reducing filter permeability. This is
illustrated in Figure 1.

The model was developed by first relating the fiber radius to
the volume of solids removed in a manner similar to that of the
standard blocking model1

LF2�rfdrf � � c

1 � ��AdV (1)

�LF�rf
2 � rf 0

2 � � � c

1 � ��AV (2)

where rf is the fiber radius, LF is the total length of all fibers, c
is the volume of solids per unit of filtrate volume, � is the
porosity of solid when deposited on the fibers, and V is the
volume processed, normalized by filter area A. The filter solid
fraction � is related to the fiber radius, filter thickness LM, and
other parameters.

�rf 0
2 LF

LMA
� �0 (3)

The subscript “0” is used to indicate an initial value of a given
quantity. After fouling has occurred, the new solid fraction can
be related to the new fiber radius by

� �
�rf

2LF

LMA
� �0� rf

rf 0
� 2

(4)

Although the deposited solids are assumed to be porous in Eq.
2, Eq. 4 assumes the solids are nonporous. This assumption
will be accurate if the flow through the deposited solids is
minimal. The term Vmax describes the amount of solution
volume that can be filtered until the filter void volume is
completely filled with solids. A new term, the fiber coating
constant Kf, is equal to the inverse of Vmax. By material balance
of solids in the filter volume, Vmax is calculated as

Vmax �
1

Kf
� LM�1 � �

c ��1 � �0� (5)

Figure 1. Illustration of a filter composed of randomly oriented fibers before (left) and after (right) plugging.
The filters plug as solids coat the surfaces of fibers, increasing fiber thickness and reducing filter permeability.
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Rearranging Eq. 3 to an expression for LF and substituting
into Eq. 2 yields Eq. 6, which allows calculation of rf and �
from V and four physical constants: LM, c, �, and �0. Insertion
of Eq. 5 reduces this to two physical constants, Kf and �0.

rf
2

rf 0
2 �

�

�0
� �1 � � c

1 � �� V

LM�0
� � �1 �

(1 � �0)

�0
KfV�

(6)

Combining Eq. 6 with a theoretical model that relates hydraulic
permeability to fiber radius allows a filter-plugging model to be
derived that relates permeability to filtrate volume.

The Carman–Kozeny model,

�

rf
2 �

�1 � ��3

20�2 (7)

where � is filter Darcy permeability, was developed by extend-
ing a correlation between Reynolds number and friction factor
for laminar flow through pipes to flow through porous media.6

It has also been used to describe flow through fibrous media.7

The flow rate through a filter (dV/dt) can be calculated from
Darcy’s Law as

dV

dt
� �

�P

�LM
(8)

where �P is the transmembrane pressure and � is the solution
viscosity.

In this study it was found that the Carman–Kozeny model
was ideal for use in the fiber coating model of filter plugging.
As described in more detail in Appendix A, the Carman–
Kozeny model accurately represented both rigorous theoretical
predictions and a large amount of experimental data over the
relevant range of fiber volume fractions.

Fiber coating model: constant pressure

To obtain the equations for the fiber coating model, Eq. 6 can
be substituted into Eqs. 7 and 8 to yield flux as a function
volume for filtration experiments run at constant pressure

dV

dt
� � �P

�LM
� rf

2�1 � ��3

20�2 �
J0�1 � KfV�3

�1 �
(1 � �0)

�0
KfV� (9)

where J0 is the initial solvent flux. The equation can be inte-
grated to obtain an explicit equation for filtrate volume as a
function of time

V �
1

Kf
�

1

Kf	
�1 � �1 �

	

(1 � �0)
� (10)

where 	 is a dimensionless parameter, defined as

	 � �2KfJ0t � 1�� �0

1 � �0
� � 1 (11)

To determine the filtrate volume as a function of percentage
flux decline, such as the volume after the flux has declined 75%
from its initial value, it is necessary to solve for the roots of Eq.
9. The real root of this cubic polynomial can be calculated
using Cardan’s formula8

V �
1

Kf
�1 � �3 
 � �� � �3 �
 � ��� (12)

where �, 
, and � are placeholders defined, respectively, as

� �
�1 � �0�

3�0

J
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 �
1

2�0

J

J0

� � �3 � 
2

Fiber coating model: constant flow

For filtration experiments run at a constant flux, Eq. 9 can be
rearranged to obtain an explicit expression for pressure as a
function of time, where V � J0t

�P

�P0
�

�1 �
(1 � �0)

�0
KfV�

�1 � KfV�3 (13)

This model is similar to a model of increasing pressure drop
with deposition of solids on packed spheres.5 To determine the
filtrate volume as a function of relative pressure increase, such
as the volume after the pressure has increased tenfold from the
initial value, Eq. 12 can be used, where the parameters � and

 will now be defined, respectively, as

� �
�1 � �0�

3�0

�P0

�P


 �
1

2�0

�P0

�P

Equations 10 and 13 were derived assuming that fibers never
overlapped and all solids deposited evenly along the fibers. It is
possible, however, to have fibers that intersect or have a sig-
nificant portion of their surface area in contact with one an-
other. In this case the fiber radius will increase with permeate
volume faster than that described by Eq. 6 because the solids
will deposit on fiber surfaces only where there is no contact or
overlap. Equations 10 and 13 are corrected for fiber overlap in
Appendix B. In practice filters typically will have characteris-
tics that are between the cases of overlapping and nonoverlap-
ping fibers. For the glass fibers used in this study there will be
fiber contacting and but no overlap initially. Once solids are
deposited, however, the coated fibers will overlap at the points
where the fibers were initially in contact. This is illustrated in
Figure 1. The sizing predictions in this study were not signif-
icantly changed by accounting for the effects of fiber overlap.
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Combined cake-fiber coating model

Typically foulants accumulate throughout the thickness of
depth filters. Large foulants such as intact cells, however, can
accumulate as cakes above filters. To account for the effects of
these cakes, the fiber coating model was modified by adding
the resistance caused by these cakes. The cake resistance R can
be calculated as a function of permeate volume

R

R0
� �1 � KcJ0V� (14)

where Kc is the cake filtration constant and R0 is the initial filter
resistance.2 For the combined model, the filter resistance in-
creases with permeate volume as the fibers become coated with
foulants and, simultaneously, the cake thickness increases with
permeate volume. This is similar to recently developed models
of the combined effects of the classical fouling modes.9 Higher
Kf or Kc values physically correspond to a larger reduction in
filter permeability for a given permeate volume. The flux can
be calculated as a function of permeate volume using the
following equation, where the total resistance is the sum of the
resistances of the fibrous filter and the cake

dV

dt
�

J0

��1 �
(1 � �0)

�0
KfV� (1 � KfV)�3 � KcJ0V� (15)

Equation 17 can be integrated to calculate time as a function of
volume

t �
KcV

2

2
�

1

2Kf J0
��1 �

(1 � �0)

�0
(KfV)2�
(1 � KfV)�2 � 1� (16)

Equations 17 and 18 reduce to the equations for cake filtra-
tion when Kf is small and to the equations for fiber coating
when Kc is small. It is difficult to rearrange Eq. 18, a fourth-
order polynomial in volume, to calculate volume as a function
of time, although Eq. 18 is still useful for fitting experimental
data and predicting filter capacities. Typically the experimental
values of time are used as inputs to plugging models to calcu-
late volumes. The predicted volumes are then compared to the
experimental values to determine the best-fit parameters. The
best-fit parameters in Eq. 18 can be determined by using the
experimental volume values as inputs and calculating the cor-
responding time values. The predicted times can then be com-
pared to the experimental values and the parameters Kc and Kf

can de determined.
For the case where the filtration experiment is run at a

constant flux, Eq. 17 can be rearranged to obtain Eq. 19, which
allows explicit calculation of pressure as a function of time,
where V � J0t

�P

�P0
�

�1 �
(1 � �0)

�0
KfV�

�1 � KfV�3 � KcJ0V (17)

To determine the filtrate volume as a function of relative
pressure increase, such as the volume after the pressure has
increased tenfold from the initial value, it is most convenient to
solve Eq. 19 numerically.

Experimental
Glass-fiber filter

Filters were composed of glass fibers with a binder resin
(AP1504700, Millipore, Bedford, MA). Fiber radii were deter-
mined from scanning electron micrographs and filter perme-
abilities. Samples were sputter coated using a Au/Pd target
before SEM analysis. Images were acquired at a 1000� mag-
nification using a Topcon DS-130-C scanning electron micro-
scope. The fibers observed in scanning electron micrographs
had radii ranging from 0.2 to 5.0 �m. The filter solid fraction
was determined to be 0.07 � 0.01 by measuring the volume
displacement of the media as follows. Three 47-mm media
disks were rolled up and submerged in a 20-mL graduated
cylinder containing 18 mL of water. The cylinder was then put
in a 1 gallon sonic cleaner (FS30H, Fisher Scientific, Hampton,
NH) for 10 min to remove air bubbles and the volume dis-
placement was measured. This was done in triplicate. The
media thickness was determined to be 0.54 mm using calipers.
The average hydraulic permeability of the media was 9400 L
m�2 h�1�psi. The effective fiber radius was determined by
fitting the initial permeability of the filter using Eq. 16. The
effective fiber radius was 0.17 microns, which was at the low
end of the range observed in filter SEMs.

E. coli lysate

Plugging experiments were performed with a solution of
lysed Escherichia coli BL21 cells obtained from Dr. Carl
Lawton of the University of Massachusetts, Lowell. The lyaste
was obtained frozen at pH 7.0 in a mixture of 50 mM sodium
acetate with 2 mM EDTA lysis buffer and PBS media buffer.

Replica cell culture fluid

A fluid representing a clarified solution from a mammalian
cell culture vessel was made up of the following components:
13.47 g/L DMEM (D-7777, Sigma, St. Louis, MO), 3.70 g/L
NaHCO3 (7412, Mallinckrodt, Hazelwood, MO), 1 g/L Plu-
ronic F-68 (P1300, Sigma), 0.0775 g/L DNA(D6898, Sigma),
5.0 g/L soy peptone fraction IV (P0521, Sigma), 1.5 g/L dairy
whey (W1500, Sigma), and 3.00 mg phosphatidylcholine
(P3644, Sigma). The feed solution was used within 2 h after
preparation to minimize variability.

Filter testing equipment: constant pressure

The plugging solution was contained in a pressure vessel
(XX1100000, Millipore). The filter was placed in a 47-mm
stainless steel holder (XX4404700, Millipore). An electronic
balance aperture and a collection vessel were used to collect
and measure the filtrate weight. The electronic balance con-
sisted of a load cell (1042-3-I, Tedea Huntleigh, Covina, CA)
that interfaced with a computer through a data-acquisition
board.

During constant pressure experiments, the system was pres-
surized with air and a digital pressure gauge was used

AIChE Journal 2981November 2005 Vol. 51, No. 11



(2798K12, McMaster-Carr, Atlanta, GA). The 47-mm filter
disks were wetted with water and placed in holders. The
holders were then connected to 600-mL feed reservoirs. The
feed solutions were added to their appropriate chambers and
the four chambers were pressurized to 3 psi. The filter holders
were vented to remove air. The filtrate valves were then opened
and data acquisition began. The filter surface area was 1.38 �
10�3 m2. Data were collected at 1-s intervals for 1 h.

During constant flow experiments, a three-head peristaltic
feed pump (7523-50, 77201-60, Cole Parmer, Vernon Hills, IL)
was used with a pressure gauge (XXPXLGAGE, Millipore).
The load cell, data acquisition, and filter holder were the same
as those used in the constant pressure experiments.

Results
Constant pressure: E. coli lysate on glass fiber

The E. coli lysate solution was diluted 10-, 100-, and 1000-
fold with pH 7.2 PBS buffer (DF2314-15-0, Fisher) and filtered
at a constant pressure through the glass filters. The permeate
volume was measured as a function of time until the flux had
decreased by 95% from its initial value.

The permeate volume and time data were fit using the fiber
coating model, Eq. 10, by varying Kf, and using the cake-fiber
coating model, Eq. 18, by varying Kf and Kc. The best fit was
determined by minimizing the sum of squared residuals (SSR),
where the residual was equal to the difference between an
experimental data point and a model prediction. The residual
was calculated from volume values for the fiber coating model,
and from time values for the cake-fiber coating model. The
volume vs. time data are compared to model predictions in
Figures 2, 3, and 4 for the different lysate dilutions.

The fiber coating model provided good fits of the E. coli
lysate data. The solid volume fraction, determined from Eq. 12,
increased from the initial value of 0.07 to 0.54 and 0.39 for the
streams diluted 10- and 1000-fold, respectively. The cake-fiber
coating model provided better fits than the fiber coating model
alone. The difference between the fit of the two models in-
creased with decreasing dilution factor. The combined model

does benefit from the use of two fitted parameters. It is possi-
ble, however, that more cake formed above the filters used with
the more concentrated streams, as would be expected, resulting
in the improved fit of the combined model. The Kf term was
near zero, indicating that the cake model alone provided the
best fit for the 10 � diluted stream. Table 1 summarizes the
residuals, an indication of quality of fit, and the fitted param-
eters from the two models for the different streams.

Constant flow rate: replica cell culture fluid on glass
fiber

The applicability of the models to data from a constant flow
experiment performed with the replica cell culture fluid was
tested. The fluid was filtered at a constant flow rate of 2600 L
m�2 h�1 through the AP15 glass media and the pressure was
measured. The experiment was performed with the replica cell
culture fluid diluted four- and ten fold. The experimental ap-

Figure 2. Volume vs. time data compared to the fiber
coating and cake-fiber coating model predic-
tions with 10� diluted E. coli lysate run at 3 psi
through AP15 glass-fiber media.

Figure 3. Volume vs. time data compared to the fiber
coating and cake-fiber coating model predic-
tions with 100� diluted E. coli lysate run at 3
psi through AP15 glass-fiber media.

Figure 4. Volume vs. time data compared to the fiber
coating and cake-fiber coating model predic-
tions with 1000� diluted E. coli lysate run at 3
psi through AP15 glass-fiber media.
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paratus, filter area, and filter thickness were the same as de-
scribed previously. The pressure vs. time data were fit to the
fiber coating model, Eq. 13, and the cake-fiber coating model,
Eq. 19, by minimizing the SSR values. The initial pressure
drop was too low to measure accurately. It was estimated to be
0.3 psi by dividing the flux by the filter permeability. The data
and model predictions are shown in Figures 5 and 6. Table 2
summarizes the residuals and fitted parameters from the two
models.

The fiber coating model provided good fits of the pressure
increase observed in the experiments for both the 4 and 10 �
diluted replica cell culture fluid stream. The fits were improved
by using the combined cake-fiber coating model, although this
model does benefit from the use of two fitted parameters. It is
possible that in these experiments, similar to the observation in
the E. coli lysate experiments, more cake formed above the
filter used with the more concentrated stream, resulting in the
improved fit of the combined model.

Constant flow rate: E. coli lysate on Millistak

The applicability of the models to constant flow data for the
filtration of 10 � diluted E. coli lysate on commercially avail-
able fibrous depth filters was tested. The fluid was filtered at a
constant flow rate of 364 L m�2 h�1 through a Millistak A1HC
(MA1HC23HH3, Millipore) disposable depth filter device and
the pressure was measured. The filter consisted of about 3 mm
of an open grade of cellulose media embedded with diatoma-
ceous earth, followed by 3 mm of a tighter grade, followed by
a thin layer of microporous membrane. The fibrous, cellulose-
based structure of this media makes it ideal for application of
the fiber coating model. The solid fraction of the first layer was
determined to be 27%, and the second layer 23%, from mea-
surements of volume displacement using water and a volumet-
ric flask. The solid fraction of the overall filter was taken as
25%, the thickness-weighted average of the two measurements.
The pressure vs. time data were fit to the fiber coating model,
Eq. 13, by minimizing the SSR values. The best fit of the

cake-fiber coating model occurred with Kc near zero and was
identical to the fit of the fiber coating model alone. The fiber
coating model provided a good fit of the pressure increase
observed in the experiment, as shown in Figure 7.

The ability of the fiber coating and cake-fiber coating models
to accurately predict filter sizing was evaluated by fitting a
limited amount of initial pressure data and then comparing the
predicted volume corresponding to a set pressure limit to the
experimental data. This is representative of scale-down studies
used to estimate area requirements for large-scale filter pro-
cesses. Generally only limited time and process fluid are avail-
able. Extrapolating data from partially plugged filters to higher
plugging values using a plugging model can save time, process
fluid, and allow more experiments to be performed. Parameters
were fit to the initial data and the volume that would be
obtained when the pressure reached the final pressure was
calculated. The predictions are compared to the actual volumes
at the respective final pressures in Figure 8 for the fiber coating
model (Eq. 13) and Figure 9 for the cake-fiber coating model
(Eq. 19).

The fiber coating model predictions in Figure 8 were within
20% of the experimental data when more than 15% of the full
pressure range was used for parameter fitting. This was true for
both dilutions of the replica cell culture fluid run on the glass
filter and the E. coli lysate run on the Millistak media. This
indicates the fiber coating model is a useful tool for making
accurate filter sizing predictions with heterogeneous depth fil-
tration media based on limited amounts of pressure vs. volume
data. Occasionally, fibrous clarification media will be limited
by breakthrough of impurities and not by pressure increase as
a result of fouling. In this case other criteria such as permeate
turbidity will be more important for sizing.

The combined cake-fiber coating model provided some im-
provement in the accuracy of the capacity predictions. The
cake-fiber coating model predictions in Figure 9 were up to
16% closer to the actual values than the fiber coating model for
the 10 � diluted replica cell culture fluid, and up to 4% better

Table 1. Error of Fit and Model Parameters for the Fiber Coating and Cake-Fiber Coating Models*

Model Dilution Factor Initial Flux, J0 (m/s) Model Fit Error, SSR Fit Parameter Values

Fiber coating model (Eq. 10) 10 7.83 � 10�3 4.37 � 10�3 Kf � 1.25 � 101

Cake-fiber coating model (Eq. 18) 10 7.83 � 10�3 2.63 � 101 Kf � 1.00 � 10�8

Kc � 7.78 � 104

Fiber coating model (Eq. 10) 100 7.83 � 10�3 2.09 � 104 Kf � 1.39
Cake-fiber coating model (Eq. 18) 100 7.83 � 10�3 5.46 � 102 Kf � 9.36 � 10�1

Kc � 3.01 � 103

Fiber coating model (Eq. 10) 1000 7.83 � 10�3 7.80 � 105 Kf � 9.87 � 10�2

Cake-fiber coating model (Eq. 18) 1000 7.83 � 10�3 3.24 � 104 Kf � 8.16 � 10�2

Kc � 1.02 � 102

*Data for 10,100 and 1000� diluted E. coli lysate run at 3 psi through AP15 glass-fiber media.

Table 2. Error of Fit and Model Parameters for the Fiber Coating and Cake-Fiber Coating Model*

Model Dilution Factor Initial Flux, J0 (m/s) Model Fit Error, SSR Fit Parameter Values

Fiber coating model (Eq. 13) 4 7.25 � 10�4 41.6 Kf � 2.92
Cake-fiber coating model (Eq. 19) 4 7.25 � 10�4 10.7 Kf � 2.76

Kc � 3.75 � 104

Fiber coating model (Eq. 13) 10 7.25 � 10�4 24.1 Kf � 1.72
Cake-fiber coating model (Eq. 19) 10 7.25 � 10�4 3.43 Kf � 1.64

Kc � 1.49 � 104

*Data for 4 and 10� diluted replica cell culture fluid run at 2600 L m�2 h�1 through AP15 glass-fiber media.
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for the 4 � diluted replica cell culture fluid. The combined
model did not provide better fits of the E. coli lysate data and
was not used for capacity predictions. It is likely that the
cake-fiber coating model will be more accurate than the fiber
coating model for sizing filters in processes where large fou-
lants that accumulate above filters are present.

Conclusions

A model of internal filter plugging that assumed filters were
composed of straight cylindrical fibers was developed. The
model relates the volume filtered to the filter solid fraction and
fiber thickness by assuming that all plugging solids coated the
fibers and increased the filter solid fraction. The Carman–
Kozeny equation was used with Darcy’s Law to calculate flux
as a function of volume filtered. The flux equation was inte-

grated to derive an explicit equation for filtrate volume as a
function of time when operating at constant pressure. An
explicit equation for pressure as a function of time when
operating at a constant flow rate was also derived. A second
model that accounts for the combined effects of fiber coating
and cake formation was also developed.

The models were tested by filtering different dilutions of an
E. coli lysate through filters composed of glass fibers at con-
stant pressure. The fiber coating model provided good fits of
data from constant pressure experiments run with E. coli lysate
on glass filters. The fiber coating model made accurate filter
capacity predictions using limited pressure vs. time data for
constant flow fouling of glass filters by the replica cell culture
fluid and commercially available depth filtration media by E.
coli lysate. The cake-fiber coating model provided improved

Figure 5. Pressure vs. time data compared to the fiber
coating and cake-fiber coating model predic-
tions with 4� diluted replica cell culture fluid
run at 2600 L m�2 h�1 through AP15 glass-
fiber media.

Figure 6. Pressure vs. time data compared the fiber
coating and cake-fiber coating model predic-
tions with 10� diluted replica cell culture fluid
run at 2600 L m�2 h�1 through AP15 glass-
fiber media.

Figure 7. Pressure vs. time data compared to fiber coat-
ing model predictions for experiment run at
364 L m�2 h�1 with 10� diluted E. coli lysate on
Millistak A1HC depth filter media.

Figure 8. Accuracy of capacity predictions from the fi-
ber coating model.
Predicted final volume normalized by actual final volume as a
function of percentage of pressure range used to determine
parameter values. Data for the 4 and 10� diluted replica cell
culture fluid run at 2600 L m�2 h�1 through AP15 glass-fiber
media, and 10� diluted E. coli lysate on Millistak A1HC
depth filter media run at 364 L m�2 h�1.
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volume vs. time fits and improved sizing predictions. The
improvement was greatest for concentrated streams where it is
possible cakes formed above the filters. The fiber coating
model and cake-fiber coating models will be useful tools for the
sizing of depth filtration media used in biotechnology and
potentially for other types of fibrous filters used with both
liquids and gases.
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Notation

A � total filter area, m2

c � volume of solids per unit of filtrate volume
Kc � cake filtration constant, s/m2

Kf � fiber coating constant, 1/m
LF � total fiber length, m
LM � filter thickness, m

P � pressure, kg/ms2

J � solvent flux, m/s
rf � fiber radius, m
t � time, s

V � volume filtered, m3/m2

Vmax � maximum volume filtered, m3/m2

Greek letters

	 � dimensionless placeholder in Eq. 10
� � dimensionless placeholder in Eq. 12

 � dimensionless placeholder in Eq. 12
� � dimensionless placeholder in Eq. 12
� � porosity of deposited solids
� � filter solid or fiber volume fraction
� � Darcy permeability, m2

� � solution viscosity, kg/ms
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Appendix A

There are a number of theoretical models that relate filter
permeability to fiber radius and fiber volume fraction.11 Jack-
son and James12 modeled the hydraulic permeability of a ran-
dom fibrous filter using a cubic array of cylindrical rods. The
resistance to flow was the sum of that arising from the rods
aligned parallel and perpendicular to the direction of flow.
Permeability data were reviewed for materials with a wide
range of fiber radii and fiber volume fractions. The model fit
the data well for fiber volume fractions 	 0.2.

Higdon and Ford13 obtained numerical solutions to flow
around three-dimensional fibrous media using the spectral
boundary element method. They obtained results for a wide
range of filter solid fractions using slender-body theory at low
fiber concentrations and the lubrication approximation at high
fiber concentrations. Their results agreed with the data re-
viewed in Jackson and James12 for fiber volume fractions
between 0.0309 and 0.865.

Clague et al.14 used a Lattice–Boltzman simulation method
to make numerical calculations of the Darcy permeability of a
disordered, three-dimensional array of cylinders. Their results
(presented in their Figure 8) also fit the data in Jackson and
James12 and agreed with the face-centered cubic fiber lattice
predictions of Higdon and Ford13 for fiber volume fractions
between 0.05 and 0.7.

The Carman–Kozeny model,

�

rf
2 �

�1 � ��3

20�2 (A1)

Figure 9. Accuracy of capacity predictions from the
cake-fiber coating model.
Predicted final volume normalized by actual final volume as a
function of percentage of pressure range used to determine
parameter values. Data for the 4 and 10� diluted replica cell
culture fluid run at 2600 L m�2 h�1 through AP15 glass fiber
media.
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where � is filter Darcy permeability, was developed by extend-
ing a correlation between Reynold’s number and friction factor
for flow through pipes to flow through porous media.5 It has
also been used to describe flow through fibrous media.6 The
flow through a filter can be calculated from Darcy’s Law:

dV

dt
� �

�P

�LM
(A2)

In this study the Carman–Kozeny model predictions were
compared to the numerical results of Higdon and Ford12 and
Clague et al.13 The Carman–Kozeny equation provided good
agreement with the results from the other two studies. A
comparison of the models is shown in Figure A1.

The predictions of the Carman–Kozeny were within 50% of
the Higdon and Ford predictions for fiber volume fractions
between 0.1 and 0.8. This range is typical of the majority of
fibrous media. For low fiber volume fractions, between 0.05
and 0.1, the Carman–Kozeny predictions were higher by less
than a factor of two.

In Figure A2 the predictions of the Carman–Kozeny model
are compared to the experimental data summarized by Jackson
and James.11 The Carman–Kozeny model fit the majority of the
experimental data. The predictions were within the scatter of
the summarized data for volume fractions above about 0.05. At
volume fractions 	 0.05 the model overpredicted the data. This
indicates the Carman–Kozeny model can be used as a simple
mathematical flux equation that accurately represents both rig-
orous theoretical predictions and a large amount of experimen-
tal data.

Appendix B

Equations 10 and 13 were derived assuming that fibers never
overlapped and all solids deposited evenly along the fibers. It is
possible, however, to have filters with fibers that intersect or
have a significant portion of their surface area in contact with

one another. In this case the fiber radius will increase with
permeate volume faster than as described by Eq. 6 because the
solids will deposit on fiber surfaces only where there is no
contact or overlap with another fiber.

The following derivation corrects the fiber coating model for
the effects of fiber overlap both initially and as the fibers grow
uniformly in radius. The filter is assumed to be composed of
fibers that are randomly distributed with respect to one another.
One consequence of the assumption of randomness is that
fibers in this hypothetical matrix will overlap with one another.
Thus, the true solid volume fraction of the filter cannot be
calculated directly using the number concentration of fibers and
the volume of an individual fiber. For completely nonintersect-
ing fibers, the solid volume fraction varies as rf

2 and � is related
to �0 as

� � �0� rf

rf 0
� 2

(B1)

For any random-fiber matrix with a nominal value of �, the
true solid volume fraction �* can be calculated by considering
the partitioning of a point-sized particle in that matrix. As a
solute becomes infinitely small, the fraction of the filter volume
from which it is excluded is equal to the true solid volume
fraction of the filter. The partition coefficient (
) for such a
solute is given by


 � 1 � �* (B2)

To relate �* to �, we consider now the classical result of
Ogston10 for the partitioning of rigid spherical solutes in ran-
dom-fiber matrices, wherein no specific accounting for fiber
intersection is made. The Ogston result relates 
 to the solute
radius rs, fiber radius rf, and nominal fiber solid volume frac-
tion �, as


 � exp����1 �
rs

rf
�2� (B3)

Figure A2. Hydraulic permeability as a function of fiber
volume fraction.
The permeabilities calculated with the Carman–Kozeny
model are compared to the experimental data summarized in
the Jackson and James review.12

Figure A1. Hydraulic permeability as a function of fiber
volume fraction.
The permeabilities calculated with the Carman–Kozeny
model are compared to those calculated with the Jackson
and James model12 and with the numerical calculations of
Higdon and Ford13 and Clague et al.14
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As rs 3 0, the Ogston result reduces to exp(��). Equating
Eqs. B2 and B3,

1 � �* � exp���� (B4)

In the fibrous filter the true solid volume fraction will increase
as solids are deposited according to

V� c

1 � �� � LM��* � �*0� (B5)

The maximum volume that can be filtered or Vmax will be
described by

Vmax � LM�1 � �

c ��1 � �*0� (B6)

Inserting Eq. B6 into B5 yields

�* � �1 � �*0�
V

Vmax
� �*0 (B7)

The fiber radius will increase faster with a given change in true
solid volume fraction than an equivalent change in nominal
solid volume fraction. The fiber radius can be related to the true
solid volume fraction by inserting Eq. B4 into Eq. 4.

�

�0
�

ln�1 � �*�

ln�1 � �*0�
� � rf

rf 0
�2

(B8)

An equation for flux as a function of true solid volume
fraction can be obtained by inserting Eq. B8 for fiber radius
into the Carman–Kozeny equation:

dV

dt
� � �P

�LM
� rf

2�1 � �*�3

20�*2 � J0

ln�1 � �*�

ln�1 � �*0�
��*0

�*�
2�1 � �*

1 � �*0
�3

(B9)

An equation for flux as a function of volume can be obtained
by inserting the equation relating true solid volume fraction to
permeate volume, Eq. B7, into Eq. B9. This can be solved
numerically for volume vs. time at different values of the
parameter Vmax.

The fibers will be thicker for a given change in solid volume
fraction when accounting for the fiber overlap. Solids will
deposit more on the ends of fibers where there is no overlap
than in centers where the surface area is unavailable. The flux
increases with the square of fiber radius in Eq. B9. For a single
solid fraction value, the flux will be higher when the fiber
radius is larger. It will thus require a larger amount of solids to
cause a similar flux decline when accounting for fiber overlap.

An equation similar to B9 can be derived for constant flow
conditions, as follows:

�P

�P0
�

ln�1 � �*0�

ln�1 � �*� ��*

�*0
�2�1 � �*0

1 � �*�
3

(B10)

An explicit equation for calculation of pressure as a function of
time or volume can be obtained by inserting the equation
relating the true fiber volume fraction to permeate volume, Eq.
B7, into Eq. B10.

The effect of the overlap on the predicted filter capacities in
Figure 8 was determined. The predictions made using Eq. B10
were within 1% of the fiber coating model for the 10 � diluted
replica cell culture fluid run on glass filters and the E. coli
lysate run on Millistak. The overlap model predictions were up
to 4% better for the 4 � diluted replica cell culture fluid run on
glass filters. The effect of overlap is not expected to signifi-
cantly alter the capacity predictions. In cases where it is im-
portant, Eq. B10 can be used to calculate filter capacities
numerically.

Manuscript received Sep. 3, 2004, and revision received Mar. 7, 2005.

AIChE Journal 2987November 2005 Vol. 51, No. 11


